PRINCIPAL NONCOMMUTATIVE TORUS BUNDLES 



SIEGFRIED ECHTERHOFF, RYSZARD NEST, AND HERVE OYONO-OYONO 

o 

• Abstract. In this paper we study continuous bundles of C*-algebras which are non- 

, commutative analogues of principal torus bundles. We show that all such bundles, although 

in general being very far away from being locally trivial bundles, are at least locally 
KKK-trivial. Using earlier results of Echterhoff and Williams, we shall give a complete 
classification of principal non-commutative torus bundles up to T"-equivariant Morita 
equivalence. We then study these bundles as topological fibrations (forgetting the group 
action) and give necessary and sufficient conditions for any non-commutative principal torus 

H, bundle being 7?.KK-equivalent to a commutative one. As an application of our methods we 
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shall also give a is'-theoretic characterization of those principal T"-bundles with //-flux, as 
studied by Mathai and Rosenberg which possess "classical" T-duals. 



0. Introduction 



In this paper we want to start a general study of C*-algebra bundles over locally compact 
base spaces X which are non-commutative analogues of Serre fibrations in topology. Before 
we shall proof some general results for analysing such bundles in a forthcoming paper [10] 
Q ■ (e.g., by proving a general spectral sequence for computing the ^C-theory of the algebra of 

, the total bundle) we want to introduce in this paper our most basic (and probably also most 

interesting) toy examples, namely the non-commutative analogues of principal torus bundles 
as defined below. 

Recall that a locally compact principal T"-bundle q -.Y ^ X consists of a locally compact 
space Y equipped with a free action of T" on Y such that q : Y ^ X identifies the orbit 
^ I space T"\y with X. In order to introduce a suitable non-commutative analogue, we recall 

' that from Green's theorem [14] we have 

Co(y) xT"^C7o(X,/C) 

for the crossed product by the action of on y, where /C denotes the algebra of compact 
operators on the infinite dimensional separable Hilbert space. Using this observation, we 
introduce NOP T"-bundles as follows 

Definition 0.1. By a (possibly) noncommutative principal T'^-bundle (or NCP T'^^ -bundle) 
over X we understand a separable C*-algebra bundle A{X) together with a fibre-wise action 
a : T" ^ Aut{A{X)) such that 

A{X) x„T" ^ Co{X,IC) 
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as C*-algebra bundles over X. 

We should note that by a C*-algebra bundle over X we simply understand a Co(X)-algebra, 
i.e., a C*-algebra A which is equipped with a Co(X)-bimodule structure given by a non- 
degenerate *-homomorphism '■ Co{X) ZM{A), where ZM{A) denotes the centre of the 
multiplier algebra M{A) of A. The fibre A^ of A{X) over a; € X is then defined as the quotient 
of A{X) by the ideal 4 := $(Co(X \ {x}))A{X). We call an action a : G ^ Ant{A{X)) 
fibre-wise if it is Co(X)-linear in the sense that 

as{^A{f)a) = ^A{f){as{a)) for all / G Co{X), a € A. 

This implies that a induces actions on the fibres Ax for all x € X and the crossed 
product A{X) xIq G is again a C*-algebra bundle (i.e. Co(X)-algebra) with structure map 
^AyiG '■ C'o(^) ~^ ZM{A X! G) given by the composition of with the canonical inclusion 
M{A) C M(^xG), and with fibres Ax><ia^G (at least if we consider the full crossed products). 

If A{X) is a NCP T'^-bundle, then the crossed product A{X) x„ T" ^ Go{X,IC) comes 
equipped with the dual action of Z" = T", and then the Takesaki-Takai duality theorem tells 
us that 

A{X) ~mCo(X,/C) xsZ" 

as C*-algebra bundles over X, where ~m denotes X x T"-equivariant Morita equivalence. 
The corresponding action of on Co(X,IC) is also fibre- wise. Conversely, if we start with 
any fibre- wise action /3 : — > Aut(Co(X, /C)), the Takesaki-Takai duality theorem implies 
that 

A{X) = Co{X,IC) xiplT" 

is a NCP T"-bundle. Thus, up to a suitable notion of Morita equivalence, the NCP T"- 
bundles are precisely the crossed products Co{X, K.) xi^ Z" for some fibre-wise action /3 of Z" 
on G{){X, /C) and equipped with the dual T^-action. 

Using this translation, the results of [11, 12] provide a complete classification of NCP T"- 
bundles up to T"-equivariant Morita equivalence in terms of pairs {\q : Y — >■ X],/), where 
[q :Y ^ X] denotes the isomorphism class of a commutative principal T^-bundle q :Y ^ X 

n{n—l) 

over X and / : X — > T 2 is a certain "classifying" map of the bundle (see §2 below for 
more details). 

In this paper we are mainly interested in the topological structure of the underlying non- 
commutative fibration A{X) after forgetting the T"-action. Note that these bundles are 
in general quite irregular. To see this let us briefly discuss the Heisenberg bundle, which 
is probably the most prominent example of a NCP torus bundle: Let G*{H) denote the 
C*-group algebra of the discrete Heisenberg group 

if=|^oim^ : n,m,k G . 

The centre of this algebra is equal to C*{Z) with Z = |(^^^^) : k G z| = Z the centre of 
H. Hence we have Z{G*{H)) = C*(Z) = C(T) which implements a canonical C*-algebra 
bundle structure on C*{H) with base T. It is well documented in the literature (e.g. see 
[1]) that the fibre of this bundle at z G T is isomorphic to the non-commutative 2-torus Aq 
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if 2; = e^'^*^. Moreover, there is an obvious fibre- wise T^-action on C*{H), namely the dual 
action of H/Z = T^, and one can check that 

C*{H) X t2 ^ C7(T,/C) 

as bundles over T. Since the non-commutative 2-tori Ag differ substantially for different values 
of 6 (e.g. they are simple for irrational 9 and non-simple for rational 9), the Heisenberg bundle 
is quite irregular in any classical sense. 

But we shall see in this paper that, nevertheless, all NCP T^-bundles are locally trivial in 
a X-theoretical sense. This shows up if we change from the category of C*-algebra bundles 
over X with bundle preserving (i.e., Co(X)-linear) *-homomorphisms to the category TZKKx 
of C*-algebra bundles over X with morphisms given by the elements of Kasparov's group 
TZKK(X; A{X), B{X)). Isomorphic bundles A{X) and B{X) in this category are precisely 
the T^KK-equivalent bundles. The first observation we can make is the following 

Theorem 0.2. Any NCP T'^-bundle A{X) is locally TZKK-trivial. This means that for every 
X G X there is a neighbourhood Ux of x such that the restriction A{Ux) of A{X) to Ux is 
TZKK- equivalent to the trivial bundle Co{Ux, Ax). 

The proof is given in Corollary 3.4 below. Having this result, it is natural to ask the 
following questions: 

Question 1: Suppose that Aq{X) and Ai{X) are two non-commutative T"-bundles 
over X. Under what conditions is Ai{X) T^KK-equivalent to A2{X)? 

Actually, in this paper we will only give a partial answer to the above question. But we 
shall give a complete answer, at least for (locally) path connected spaces X, to 

Question 2: Which non-commutative principal T^-bundles are T^KK-equivalent to a 
"commutative" T"-bundle? 

A basic tool for our study of T^KK-equivalence of non-commutative torus bundles will be 
the K-theory group bundle /C* := {K^{Ax) : x G X} associated to A{X) and/or a certain 
associated action of the fundamental group tti{X) on the fibres K^:{Ax) if X is path-connected. 
The answer to Question 2 is then given by 

Theorem 0.3. Let A{X) be a NCP T^-bundle with X path connected. Then the following 
are equivalent: 

(i) A{X) is TZKK- equivalent to a commutative principal T"^ -bundle. 

(ii) The K -theory bundle fC^{A[X)) is trivial. 

(iii) The action of tti{X) on the fibres K^:{Ax) of the K-theory bundle is trivial. 

In the case where n = 2 we can determine the T^KK-equivalence classes up to a twisting 
by commutative principal bundles and we shall obtain a slightly weaker result in case n = 3 
(see Theorem 7.5 below). But this still does not give a complete answer to Question 1. 

Another obvious obstruction for 7?,KK-equivalence is given by the ET-theory group of the 
"total space" A{X): If K^{Ao{X)) / K,{Ai{X)), then clearly Ao{X) and Ai{X) are not 
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T^KK-equivalent, since T^KK-equivalence implies KK-equivalence. Using this obstruction 
we can easily see that the Hopf-fibration p : S''^ — > S"^ and the trivial bundle S*^ x T are 
principal T-bundles which are not T^KK-equivalent (i.e., C{S^) is not 7^KK(5^; •, •)-equivalent 
to C{S^ X T)), since Ko{C{S^)) = Z while Ko{C{S'^ x T)) = Z^, although, being simply 
connected, their i^-theory group bundles are trivial and thus isomorphic. However, in general 
it is not so easy to compute the i^'-theory groups of the algebras A{X)\ Since, as mentioned 
above, our bundles behave like Serre fibrations in commutative topology, one should expect 
the existence of a generalized Leray Serre spectral sequence which relates the X-theory group 
of the total space A(X) to the ET-theory of the base and the fibres. Indeed, such spectral 
sequence does exist with £^2-term given by the cohomology of X with local coefficients in the 
K-theory group bundle IC^{A{X)), but we postpone the details of this to the forthcoming 
paper [10]. 

This paper is organized as follows: after a preliminary section on C*-algebra bundles we 
start in §2 with the classification of NCP T'^-bundles based on [11, 12]. We then proceed in §3 
by showing that all NCP bundles are locally T^KK-trivial before we introduce the X-theory 
group bundle and the action 7ri{X) on the fibres of such bundles in §4. This action will be 
determined in detail for the case n = 2 in §5, and, building on the two-dimensional case the 
7ri(X)-action will be described in general case in §6. In §7 we will then give our main results 
on T^KK-equivalence of NCP bundles as explained above. 

In our final section, §8 we give some application of our results to the study of T-duals 
of principal T'^-bundles q : Y ^ X with i?-flux 6 G H'^(Y,'Z) as studied by Mathai and 
Rosenberg in [23, 24]. The corresponding stable continuous-trace algebras CT(Y,6) can then 
regarded as C*-algebra bundles over X with fibres isomorphic to C(T",/C) (it follows from 
the fact that CT{Y, 6) is assumed to carry an action of M" which restricts on the base Y to the 
action inflated from the given action of on y, that the Dixmier-Douady class 5 is trivial 
on the fibres Y^ = T"). We can then study the ii'-theory group bundle /C*(CT(y, (^)) over 
X with fibres K^{C{Y^,IC)) ^ A"*(C7(T")) for x e X. Following [23, 24] we say that {Y,6) 
has a classical T-dual {Y,5) if and only if one can find an action /? : M*^ Aut{CT{Y,S)) 
as above, such that the crossed product CT{Y, (5) x ^3 M" is again a continuous-trace algebra, 
and hence isomorphic to some CT{Y, 5) for some principal T"-bundle q : Y ^ X and some 
//-flux 5 G //^(y,Z). Combining our results with [24, Theorems 2.3 and 3.1] we show 

Theorem 0.4. Suppose that X is (locally) path connected. Then the pair {Y, 6) has a classical 
T-dual {Y,6) if and only if the associated K-theory group bundle }C^,{CT{Y,6)) over X is 
trivial. 

1. Preliminaries on C*-algebra bundles. 

In this section we want to set up some basic results on C*-algebra bundles which are used 
throughout this paper. As explained in the introduction, we use the term C*-algebra bundle 
as a more suggestive word for what is also known as a Co(X)-algebra in the literature, and we 
already recalled the definition of these objects in the introduction. Recall that for x (z X the 
fibre Ax A{X) at x was defined as the quotient Ax = A{X)/Ix with Ix = Co{X\{x})A{X) 
(throughout the paper we shall simply write g ■ a for ^{g)a if g € Co{X) and a ^ A). If 
a G A{X), we put a{x) := a + Ix G Ax. In this way we may view the elements a G A{X) 
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as sections of the bundle {A^ : x G X}. The function x i— > ||a(x)|| is then always upper 
semi-continuous and vanishes at infinity on X. Moreover, we have 

||a|| = sup ||a(x)|| for all a G A{X). 

This and many more details can be found in [31, Appendix C]. 

If A(X) is a C*-algebra bundle, y is a locally compact space and f lY ^ X is a continuous 
map, then the pull-back f*A of A{X) along / is defined as the balanced tensor product 

fA := CoiY) ®Co(x) A, 

where the Co(X)-structure on Co{Y) is given via <? i— > <? o / G Cb{Y) = M{Co{Y)). The 
*-homomorphism 

Co{Y) ^ CoiY) (g)co(x) A;g^g^l 
provides f*A with a canonical structure as a C*-algebra bundle over Y with fibre f*Ay = 
Aff^y-^ for all y £ Y. We shall therefore use the notation f*A{Y) to indicate this structure. 

In particular, if Z C X is a locally compact subset of X the pull-back A{Z) := i*^A of A 
along the inclusion map iz ■ Z ^ X becomes a C*-algebra bundle over Z which we call the 
restriction of A{X) to Z. The following lemma is well known. A proof can be found in [12]. 

Lemma 1.1. Suppose that A{X) is a C*-algebra bundle and let Z be a closed subset of X 
with complement U := X \ Z . Then there is a canonical short exact sequence of C* -algebras 

^ A{U) A{X) A{Z) 0. 

The quotient map A — > A{Z) is given by restriction of sections in A{X) to Z and the inclusion 
A{U) C A{X) is given via the *-homomorphism 

Co{U) 0co{x) A{X) ^ A{Xy,g^ a^g-a 

(which makes sense since Cq{U) C Cq{X)). 

Remark 1.2. It might be useful to remark the following relation between taking pull-backs 
and restricting to subspaces: assume that ^ is a Co(X)-algebra and f : Y ^ X isa continuous 
map. Then the tensor product Co{Y) (8) A{X) becomes a C*-algebra bundle over Y x X 
via the the canonical imbedding of CoiY x X) ^ CoiY) ® Co(X) into ZM(Co(y) ® A). 
The pull-back f*AiY) then coincides with the restriction of CoiY) ® AiX) to the graph 
Y^{iy,fiy)):yGY}CYxX. 

Recall that a continuous map f : Y ^ X between two locally compact spaces is called 
proper if the inverse images of compact sets in X are compact. If / : y — > X is proper, then 
/ induces a non-degenerate *-homomorphism (j)f : Co(A') — > CoiY);g ^ g o f. We shall now 
extend this observation to C*-algebra bundles. 

Lemma 1.3. Assume that AiX) is a C*-algebra bundle and that f : Y ^ X is a proper 
map. Then, 

(i) for any a in A, the element 1 a of M(/*A(y)) actually lies in f*AiY) = 
CoiY) ^coix) AiX); 

(ii) there exists a well defined *-homomorphism <I>j : AiX) f*AiY); given by <^/(a) = 
1 (g) a. 
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(iii) If g : Z ^ Y is another proper map, then ^fog = ° ^f- 

(iv) In particular, if f is a homeomorphism, then ^ f is an isomorphism. 

Proof. Notice that for any continuous map f : Y ^ X the map $j : A{X) M{f*A{Y)) 
given by <I>j(a) = 1 (8) a is a weU defined *-homomorphism. Thus we only have to show 
that, in case where / is proper, the image lies in f*A{Y). Note that via the above map 
each a S A{X) is mapped to the section a of the bundle f*A{Y) with d{y) = a{f{y)). If / is 
proper, it follows that the norm function y ^ \\a{y)\\ = \\a.{f{y))\\ vanishes at oo. Now choose 
a net of compacts {Cjjig/ in Y and continuous compactly supported functions Xi : ^ — > [0, 1] 
with Xi\Ci = 1- Then the image of Xi ® a in f*A{Y) will converge to a in norm, which clearly 
implies that a G f*AiY). All other conditions now follow from the fact that [g o f)*A{Z) is 
canonically isomorphic to g*{f*A)(Z). □ 

2. Classification of non-commutative torus bundles 

As noted already in the introduction, the NCP torus bundles A{X) can be realized up to 
T^-equivariant Morita equivalence over X as crossed products Cq{X,IC) x Z", equipped with 
the dual T"-action, where acts fibre-wise on the trivial bundle Co{X, K,). For the necessary 
background on equivariant Morita equivalence with respect to dual actions of abelian groups 
we refer to [7, 8], and for the necessary background on crossed products by fibre- wise actions 
we refer to [11, 12] or [22]. We should then make the translation of NCP torus bundles to 
Z"-actions more precise: 

Proposition 2.1. Every NCP T'^-bundle A{X) is -equivariantly Morita equivalent over 
X to some crossed product Cq{X,IC) x Z", where Z" acts fibre-wise on Cq{X,IC), and where 
the -action on Co(X, /C) x is the dual action. 

Moreover, two bundles A{X) = Co{X,IC) and B{X) = Cq{X,1C) x^ Z" are T"- 

equivariantly Morita equivalent over X if and only if the two actions a,/3 : Z" — > Co(X, /C) 
are Morita equivalent over X . 

Using the above Proposition together with the results of [11, 12] we can give a complete 
classification of NCP torus bundles up to equivariant Morita equivalence over X. In general, 
if G is a (second countable) locally compact group, it is shown in [11, Proposition 5.1] that 
two fibre- wise actions a and (3 on Co {X, /C) are G-equivariantly Morita equivalent over X 
if and only if they are exterior equivalent, i.e., there exists a continuous map f : G — > 
UM{Co{X,iq) ^ C{X,U) such that 

as = Adus o f3s and Vst = VsPs{vt) 

for all s, t € G, where U = iY(/^(N)) denotes the unitary group. Note that exterior equivalent 
actions have isomorphic crossed products (e.g. see [21]). It is shown in [11] (following the 
ideas of [4]), that the set Sci^) of all exterior equivalence classes [a] of fibre- wise actions 
a : G — > Aut(7(j(x)(Go(X, /C)) forms a group with multiplication given by 

[a][p] = [a (^coix) 

where a (SiCo{x) P denotes the diagonal action on 

Go(X,/C) ®Co(x) Co{X,}C) ^ Cq{X,1C®1C) ^ Go(X,/C). 
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Hence, it follows from Proposition 2.1 that the problem of classifying NCP T"-bundles over 
X up to equivariant Morita equivalence is equivalent to the problem of describing the group 

We first consider the case X = {pt}, i.e., the classification of group actions on /C up to 
exterior equivalence. Let VU = U /Tl denote the projective unitary group. Then VU = 
Aut(/C) via [V] I— > Adl^ and an action of G on /C is a strongly continuous homomorphism 
a : G ^ VU. Choose a Borel lift V : G ^ U for a. It is then easy to check that 

VsVt = u;a{s,t)Vst 

for some Borel group-cocycle uJa € T). One can then show that 

Sciipt}) ^ H\G,T);[a] ^ [wj 

is an isomorphism of groups. To describe the crossed product IC G in terms of [uJa] we 
have to recall the construction of the twisted group algebra C*{G,uJa)- It is defined as the 
enveloping G*-algebra of the twisted L^-algebra L^{G,Ua), which is defined as the Banach 
space L}{G) with twisted convolution/involution given by the formulas 

f*u.^9{s)= [ f{t)g{t-h)uJa{t,t-h)dt and fis) = A{s-^)uJa{s,s-^)f{s-^). 
Jg 

The crossed product /CxqG is then isomorphic to K,®C*{G,uja) (e.g. see [7, Theorem 1.4.15]), 
where Qa denotes the complex conjugate of to a- Notice that up to canonical isomorphism, 
C*{G,uja) only depends on the cohomology class of in if^(G, T). 

If G = Z"', then one can show that any cocycle a; : x ^ T is equivalent to one of 
the form 

(2.1) {n,m) ^ uje{n,m) = e2^^<®'^.'") , 

where € M(?i x n, M) is a strictly upper triangular matrix. If we denote by ui, . . . ,Un € 
Li(G , We) the Dirac functions of the unit vectors ei,...,en G Z", we can check that the 
twisted group algebra G*(Z",a;0) coincides with the universal C*-algebra generated by n 
unitaries ui, . . . ,Un satisfying the relations 

UjUi = e^'^'-^^i UiUj 

and therefore coincide with what is usually considered as a non-commutative n-torus! 

Suppose now that a : G — Aut(Go(v'C, /C)) is any fibre-wise action. We then obtain a map 
fa-X^ H^{G,T) given by the composition 

and it is shown in [11, Lemma 5.3] that this map is actually continuous with respect to the 
Moore topology on H'^{G,T) as introduced in [20]. Thus we obtain a homomorphism of 
groups ^ : £g{X) C{X, H^{G, T)); a i— > /„. If G is abelian and compactly generated, then 
the kernel of this map is isomorphic to the group H^{X,G), which classifies the principal 
G-bundles over X. If (7 : y — > X is such a bundle, the corresponding action ay '■ G — > 
Aut(Go(X, IC)) is just the dual action of G on Co{Y) x G = Co{X, IC) - you should compare 
this with the discussion in the introduction. We thus obtain an exact sequence 

^ hHx,G) ^ £g{X) ^ C{X,H\G,T)). 
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Recall further that ifl^Z— >lisa locally compact central extension of G and 
if c : G — > if is any Borel section, then 

r]:GxG^ Z;r]{s,t) = c{s)c{t)c{st)~^ 

is a cocycle in Z'^{G, Z) which represents the given extension in H^{G, Z). The transgression 
map 

tg:Z^H^{G,Ty,x^[x°v] 

is defined by composition of rj with the characters of Z. The extension l^Z^H^G^l 
is called a representation group for G (following [19]) if tg : Z ^ H'^{G,T) is an isomorphism 
of groups. It is shown in [11, Corollary 4.6] that such a representation group exists for 
all compactly generated abelian groups. Using the obvious homomorphism Z — > C{Z, T) 
and composing it with rj we obtain a cocycle (also denoted rj) in Z'^{G,C{Z ,T)) which 
determines a fibre-wise action fj, : G ^ Aut(Co(^, /C)) as described in [11, Theorem 5.4]. 
Identifying C{X, H'^{G, T)) with G{X, Z) via the trangression map, we then obtain a splitting 
homomorphism 

F:G{X,Z)^£G{X);f^r{j,), 
where f*{lj) denotes the pull-hack of n to X via /, which is defined via the diagonal action 
/*(/i) = id®^(^)/x : G ^ Aut (Co(X) ^Co(z)j Co{Z,}C) ^ Co{X,}C)). 

Notice that the homomorphism F depends on the choice of the representation group H and 
is therefore not canonical. However, for G = it is unique up to isomorphism of groups by 
[11, Proposition 4.8]. We can now combine all this in the following statement (note that a 
similar result holds for many non-abelian groups by [11, Theorem 5.4] and [9]). 

Theorem 2.2 (cf [11, Theorem 5.4]). Suppose that G is a compactly generated second count- 
able abelian group with fixed representation group O—^Z^H^G—fl. Let X be a second 
countable locally compact space. Then the exterior equivalence classes of fibre-wise actions of 
G on Co{X,IC) are classified by all pairs {[q : Y —> X],f), where [q : Y —> X] denotes the 
isomorphism class of a principal G-bundle q -.Y ^ X over X , and f G C{X, Z). 

The above classification also leads to a direct description of the corresponding crossed 
products Co{X,IC) xi G in termes of the given topological data: It is shown in [12] that if [a] 
corresponds to the pair {[q : Y ^ X], f) then 

Go(X,/C) >^G^y*(r(G*(F))(X))®/C, 

by a G-equivariant bundle isomorphism over X. Here /*(G*(ii)) (X) is the pull-back of 
C*{H){Z), where the Z-C*-algebra bundle structure of C*{H) is given by the structure map 

Go(Z) ^ C*{Z) ZM{G*{H)), 

with action of G*{Z) on G*{H) given by convolution (see [12, Lemma 6.3] for more details). 
The product Y * {f*C*{H)){X) of the principal G-bundle q : Y -> X with f*{G*{H)){X) is 
described carefully in [12, §3] and is a generalization of the usual fibre product 

Y * Z := {Y XX Z)/G 
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if G acts fibre-wise on the fibred space p : Z ^ X, and diagonally on Y xx Z = {{y,z) € 
Y X Z : q(y) = p{z)}. In this paper we only need the construction in case of G = being 
compact, in which case the fibre product Y * A{X) can be defined as the fixed point algebra 

q*A{Yf = {Co{Y) 'S>gA{X)f 

under the diagonal action g{ip <^ a) = g~^(ip) <^ ag{a) for g £ G, (p € Gq{Y) and a G A{X). 
The G-action on Y * A{X) is then induced by the given G-action on Co(Y), i.e., we have 

{Y * a)g{ip ® a) = g{ip) ^ a = ip ^ Oig{a). 

We now specialize to the group G = Z". It is shown in [11, Example 4.7] that a represen- 
tation group for Z" can be constructed as the central group extension 

1 ^ -^n — > Hn — > Z" — > 1 

where Z^ is the additive group of strictly upper triangular integer matrices and = Z^x 17^' 
with multiplication given by 

(M, m) • [K, I) = (M + K + rj(m, l),m + I) where r](m, = liUij. 

for m = (mi, . . . , m„), Z = (Zi, ...,/„) € Z'\ Let T„, := Z„, denote the dual group of Z„,. Since 

n{n — \) n(n — 1) 

Zn is canonically isomorphic to Z 2 , we have T„ = T 2 . If we express a character 
X G T^n by a real upper triangular matrix = (a't,j)i<i,j<n via 

Xe{M) = J](e2--- = exp {lirt a.,m.,) , 

i<j i<j 

we see that the transgression map tg : T„ — s- H^{Z'^,T);x '—^ [x° "H] sends XB to the class of 
the cocycle ujq as defined in (2.1) and is an isomorphism of groups. 

As a consequence of the above discussion, we see that C*{Hn) serves as a "universal" NCP 

71 ( Tl — 1 ) 

T"'-bundle over T 2 (where the action of T" is the canonical dual action of T" = Z" on 
G*{Hn))- We finally arrive at the following classification of non-commutative T"-bundles up 
to T"-equivariant Morita equivalence over X: 

Theorem 2.3. Let X be a second countable locally compact space. Then the set of T"- 
equivariant Morita equivalence classes of NCP T"^ -bundles over X is classified by the set of 
all pairs {[q : Y ^ f) with q : Y ^ X a (commutative) principal T^-bundle over X and 

n{n — l) 

/ : X — > T 2 a continuous map. Given these data, the corresponding equivalence class of 
NCP T"^ -bundles is represented by the algebra 

A^yj){X) ■.= Y*r[G*{Hn)){X). 

Remark 2.4. Notice that the group H2 is just the discrete Heisenberg group. Therefore, 
the C*-group algebra C*{H2) of the Heisenberg group serves a a universal NCP T^-bundle 
in the sense explained above. 

There is a natural action of GL„(Z) on the set of equivalence classes of NCP T"-bundles 
over X which we want to describe in terms of the above classification. For this we first 
introduce some notation: If A{X) is an NCP T"-bundle over X and if ^' G GLnC^), we 
denote by Aii/{X) the NCP T"-bundle which we obtain from A{X) by composing the given 
action of T" by ^'"^ (viewed as an automorphism of T"). Of course, if we start with a 
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commutative principal T'^-bundle g : y — >• X, we obtain in the same way a principal T'^- 
bundle g^r : Y"^ — > X. 

If we denote for 1 < i,j < ^^ by eij the elementary matrix of M„(Z) (with 1 in the i-th. 
row and j-th column entry and every else) and by /i, . . . , the canonical basis of Z", then 
we have for 1 < i < j < n the following relations in Hn'. 

• the elements (ejj',0) are central; 

• (0,/i)(0,/,) = (e„-,0)(0,/,)(0,/,). 

Moreover, these generators and relations define the group Hn: 

Proposition 2.5. The group Hn is the group defined by the generators and 
{Uij't ^ ^ i < j 1^ n} and the following relations for 1 < i < j < n: 

• the element yij is central; 

• Xi ' Xj — yi,j ' '^j ' '^i' 

Proof. Let H'n be the group defined by the above generators and relations. Then we have 
an obvious epimorphism from H'n — > Hn- From the universal property of H'n, we also get an 
epimorphism A : H'n — > such that the following diagram commutes 

H'n — ^ 



Hn > Z". 

The left vertical arrow gives rise to an epimorphism ker A Zn, splitted by e^j- i— > Xjj. In 
fact, using the commutation rules of H'n-, any word w can be writen • ■ ■ x^" • w' , where 
ki, . . . ,kn belongs to Z and where w' is a word with letters in {yij; 1 <: i < j < n}. We then 
have X{w) = {ki, . . . , It follows that ker A is generated by {vij; 1 < « < J < n}. Thus, 
the epimorphism H'^ — > Hn induces by restriction an isomorphism ker A ^ Zn- The result 
then follows from the Five Lemma. □ 

Corollary 2.6. The C* -algebra C*{Hn) is the universal C* -algebra generated by unitaries 
Ui, . . . ,Un and {Vij; 1 < i < j < n} and the following relations for 1 < i < j < n: 

• the elements Vij are central; 

. Ui-Uj = Vij-Uj-Ui. 

n(n—l) 

The unitaries Vij for 1 < i < j < n generate a copy of C(T 2 ) providing the C*- 

algebra bundle structure of C*{Hn) over T 2 ^ A2(1R") /A2(Z"). Under this identification, 
Vi^j = e^^*'^' , where (/j*, . . . , /*) is the dual basis to the canonical basis (/i, . . . , /„) of M". 
This allows to extend the definition of the unitaries Vi^j for values 1 < j < i < n by setting 
Vi^j := e^"^^^^^ Then Ui ■ Uj = Vij • Uj ■ Ui for all I <i,j < n. If we denote by the 
canonical dual action of T" on C*{Hn), then ^ )(f^fc) = ZkUt- 

Recall that if A{X) is a NCP T"-bundle with T"-action a : T" ^ Aut(A(X)) and if ^ is 
any matrix of GLnC^), then Aq,{X) is defined as the NCP T"-bundle with respect to ao'if~^. 

Lemma 2.7. Let ^ be a matrix of GLn{Z) and let be the automorphism of A2(Z") 

n(n — 1) 

induced by ^. Then using the identification T 2 = A2(M")/A2(Z"), we have an automor- 
phism Tiji : C*{Hn) C*{Hn) such that 
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1 Ti ( 71 — 1 ) 

(i) T*(/ ■x) = fo As^--! • T^ix) for all f in C(T^^) and all x in C*{Hn). 

(ii) T.t(/3J • x) = (31^^^ ■ T^{x), for all z in T" and all x in C*{Hn). 

Proof. Notice first that F.j o 1^2^'^ = e27ri**-V*A**-i/; ^ 

• We first prove the result for ^ given by the elementary matrix Ek^i{m) = In + mck^i of 
GL„(Z) where k ^ I and ?n is in Z. Then, for i ^ j and k ^ I, we have Ek^i{iTi)~^ = 
Ek,i{-m) and 

(2.2) V^J o A2Ek,i{m)-^ = Vij if k ^ {i, j} or I £ {i, j} 

(2.3) V,,koA2Ek,i{m)-^ = Vj^kY'r if j ^ k and j ^ I. 

There is a unique morphism T^^^(„) : C*{Hn) — > C*{Hn) with image on generators 

Ui I— > Ui if i ^ k 

Uk ^ U^Uk 

Yi,j ^ if ^ ^ or / e 

^hk ^ ^hk^li if J / ^ and j / /, 

since it is straightforward to check that the operators on the right hand side satisfy 
the relation as given in Corollary 2.6. Moreover, ^Ehi(m) is an isomorphism with 
^£fc;(m) ~ '^Eki(-m)- It is enought to check condition (i) on the generators Vij, 
which is done in equations (2.2) and (2.3). Condition (ii) has to be checked only on 
the generators Ui. If z = (zi, . . . , z„), then the i-th component of Ek^i{m){z) is Zi for 
i ^ k and ZkZ^ for i = k, and 

T<,iP^-Ui) = ZiU, = P^^^yT<i,iUi) 

for i ^ k and 

T„(/3: • Uk) = ZkUr"" ■ Uk = {zi ■ Ui)-"" ■ ZkZ^Uk = /3^(,) • T^{Uk). 

• Let o" be a permutation on {1, ... , n} and let ^'o- = (<Ji,o-(j))i<i,j<n be the permutation 
matrix of GL„(Z) corresponding to a. As before, there is an automorphism Tij,^ of 
C*{Hn) uniqually defined on generators by Ui ^ f^o-i(i) and Vij i— > V"o.-i(i),o--i(j)- 
Since 

and 

the automorphism Tijf^ satisfies conditions (i) and (ii) of the lemma. 

Suppose now that <I> and ^ are two matrices in GLnC^) and let T$ and T,j, be automorphisms 
of C*{Hn) satisfying conditions (i) and (ii) with respect to <I> and ^ . Then one easily checks 
that T$ o satisfies conditions (i) and (ii) with respect to $ o ^. Since every matrix $ of 
GLn(Z) can be writen as a product of elementary matrices and permutation matrices, this 
completes the proof. □ 
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(n(n-l) 

/ n{n— 1) \ Ti{n — 1) n{n — l) 

of C*{Hn) IT 2 J with respect to the homeomorphism : T 2 — > T 2 and 

/ n(n-l) 

equipped with the T"^ -action A2^*/3" is T'^ -equivariantly isomorphic to C*{Hn)^ (IT 2 

/ n{n-l) \ , 

i.e. C*{Hn) ( T 2 j equipped with the T'^-action /3" o vi/-\ 

Proof. Let T$ be an automorphism of C*{Hn) as in Lemma 2.7. Then the lemma implies 

(n(n-l)\ / n(n-l) \ 

T^— J ^ A2^*C*(i?„) (T^^ j ; X 1 ®A2* T$(x) is an 

71 ( n — 1 ) 

isomorphism of C*-algebra bundles over T 2 which is equivariant with respect to the 
prescribed actions. □ 

Lemma 2.9. Let A{X) he a NCP T'^-bundle and let q:Y ^ X he any principal T'^-bundle. 
Then, for any \I' € GLn{'L), we have 

{Y*A)m{X) = Y^,*A^,{X). 

Proof. Recall that Y * A{X) is the fixed-point algebra of C^iY) ®q A{X) under the diagonal 
action of T„ (taking the inverse action on the first factor). It is immediately clear that this 
algebra does not change if we compose both actions with any fixed automorphism of T". 
Thus we see that the identity map gives the desired identifications. □ 

Recall that Theorem 2.3 provides a classification of NCP T"-bundles by pairs {[q : Y ^ 

n{n— 1) 

X],/), where g : y — > X is a (commutative) principal T"-bundle and / : X — > T 2 is a 
continuous map. We are now able to describe the change in these data if we pass from A{X) 
to A^,{X) for ^ G GL„(Z). 

Theorem 2.10. Let A{X) he a NCP T'^-hundle over a second countahle locally compact 
space X with classifying data {[q : Y ^ X], f) as in Theorem 2.3. Then A^^{X) is classified 
by the data ([g,^ : Yq, X],A2^ o f) for all ^ e GLn{'L). More precisely, if A{X) = 
Y * {f*{C*{Hn)){X), then A^{X) = Y^ * ((As^ o f Y{C*{H))){X). 

Proof. Since A[X) is classified by the pair {[q : Y X],/), it follows from Theorem 2.3 
that A{X) is X X T^-equivariantly Morita equivalent ioY * {f*C*{Hn)){X). Composing aU 
T"-actions by we observe that 

f*C*{Hnh{X) = Co(X) ®f C*{Hnh{T-^) 

Co{X) ®f ((A2^)*C*(i7„))(T'^) 

= r{{A2^rc*{Hn)){x) 

= {A2^ofrc*{Hr,){X), 
where (*) follows from Corollary 2.8. The proof then follows from Lemma 2.9. □ 

3. Local T^KK-triviality of NCP torus bundles 

In this section we want to show, among other useful results, that all NCP torus 
bundles are locally T^KK-trivial. We refer to [18] for the definition of the T^KK-group 
nKK{X;A{X),B{X)) for two C*-algebra bundles A{X) and B{X). We only remark here 
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that the cycles are given by the usual cycles {E, (p, T) for Kasparov's bivariant X-theory 
group KK(A(X), with the single additional requirement that the left Co(X)-actions 

on the Hilbert bimodule E induced via the left action of A{X) on E coincides with the right 
Co(X)-action on E induced by the right action of B{X) on E. We start with 

Proposition 3.1. Let IS. he a contractible and compact space and let A{A x X) be a NCP 
T"^ -bundle over A x X. Then for any element z oj IS., the evaluation map 

e^ : A{A x X) A{{z} x X) 

gives an invertible class [e^] G TZKK{X;A{A x X),A{{z} x X)). 

Before proving this proposition, we state an immediate corollary. 

Corollary 3.2. Assume that two NCP T^-bundles ^o(^) (^nd Ai{X) are homotopic in the 
sense that there exists a NCP T^-bundle ^([0, 1] x X) which restricts to ^o(^) (^nd Ai{X) 
at and 1, respectively. Then Aq[X) and Ai[X) are TZKK- equivalent. 

In view of the classification results of the previous section, we then get 

ri(ri— 1) 

Corollary 3.3. Assume that f,g : X T 2 are two homotopic continuous functions. 
Then f*C*{Hn){X) and g*C*{Hn){X) are UKK- equivalent. 

n{n — 1) 

Proof. Apply the previous corollary to F*(C*(i?„))([0, 1] x X) where F : [0, 1] x X ^ 

is a homotopy between / and g. □ 

The above corollary then easily implies 

Corollary 3.4. Suppose that A{X) is a NCP T'-bundle. Then A{X) is locally 7^KK- 
trivial, i.e., for every x X there exists an open neighbourhood U of X such that A{U) 
is TZKK(U, •, ■)-equivalent to Co{U, A^). 

Proof. Let x ^ X he fixed. By the classification results of the previous section we may assume 
that A{X) = Y * [f*{C*{Hn))). But restricting to a small neighbourhood U of x we may 
assume that Y is the trivial T^-bundle and that / is homotopic to the constant map with 
value f{x). The result then follows from the previous corollary. □ 

For the proof of the proposition we need the following strong version of the Thom-Connes 
isomorphism for crossed products by M", which, as we point out below, is due to Kasparov: 

Theorem 3.5. Suppose that A[X) is a C*-algebra bundle and that a : M" — > Kxii{A{X)) is 
a fibre-wise action on A[X). Then there exists an invertible class 

ienKKn{X;A{X),A{X) x M"), 

i.e., the algebra A{X) is TZKK- equivalent to A{X) x M" up to a dimension shift of order n 
(mod 2 ). 

Proof. We use the Dirac element D G KK*"(Co(]R"), C) as constructed by Kasparov in [18, 
§4], where acts on itself by the translation action r (a different, and probably easier 
description is given in [17]). Since M" is amenable, the element D is invertible with inverse 
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given by the dual-Dirac element rj G KK„ (C,Co(M"')) also constructed in [18, §4]. We then 
obtain an invertible element 

<TA(X){D) G 7^KK^(X;^(X) 0Co(M"),^(X)) 

by tensoring D with A{X). Using the descent, we obtain an invertible element 

iM"(^A{x)P)) e -RKKTiX- {A{X)®Co{Rn) x M",A(X) x R"). 

But the crossed product {A{X) ® Co(R")) X R" is Co(X)-linearly isomorphic to 

A{X) ® (Co(R") X M") ^ /C(l2(m")), 

where the first isomorphism follows by first identifying A{X) ® Co(R") with Co(R", 
and then observing that 

is a bundle isomorphism which transforms the diagonal action a (g) r to id 0t on ^(X) (8) 
C7o(R"). We then use the general fact that {A(S)max -B)Xid®/3G = A(g)max(-Bx_aG) together with 
the fact that Co(R") x^R" ^ /C(L2(R")). We thus obtain a Co(X)-linear Morita equivalence 
A{X) ~M (A(X)(g)Co(R")) xR". Multiplying Mn{aA{x){D)) from the right with this Morita 
equivalence gives the desired invertible element t G TZKK{X; A{X); A{X) x R"). □ 

As a consequence of the above theorem, we now obtain the following lemma: 

Lemma 3.6. Suppose that a : — Aut(Co(X, /C)) is any fibre-wise action. Then A{X) : = 
C(){X, K,) X is, up to a dimension shift of order n, T^KK{X; •, ■)-equivalent to a continuous 
trace algebra B = B{X x T") with base X x T". 

Proof. Consider the induced algebra B := Ind^n Co(^, /C), which can be defined as the set 
of all bounded continuous functions F : R" x X ^ KL such that 

F{s + m, x) = d^^{F{s, x)) for all s G R", m G and x ^ X. 

It is shown in [28] that this is a continuous trace algebra with base X x (R"/Z") = X x T", 
since Z" acts trivially on X. Moreover, it follows from Green's imprimitivity theorem (e.g. 
see [31] for a complete treatment) that the crossed product A{X) = Co(X, /C) x is Morita 
equivalent over X to (Indfr Co(X,/C)) X R", where R" acts on the induced algebra by 
translation in the first variable of F. Using the above strong version of the Thom isomorphism, 
we see that A{X) = Co(X, /C) xZ" is nKK{X; ■, ^-equivalent to S(XxT") := Indf^ Co{X, K) 
up to a dimension shift of order n. □ 

We are now ready for 

Proof of Proposition 3.1. Let A{^xX) = Co(AxX, /C) x^^Z" as in Proposition 2.1. It follows 
then from Lemma 3.6 that A(A x X) = Co(A x X, K) x„ Z" is 7eKK(A x X; ■, ^-equivalent to 
a continuous trace algebra i?(A x X x T") with Dixmier-Douady class 5 in H^{A. x X x T", Z). 
Since A is compact and contractible, 5 = tt*{5'), where 5' lies in H^{X x T",Z) and vr* is 
the isomorphism induced in cohomology by the projection vrrAxXxT"— >XxT". Hence 
this bundle is isomorphic to some algebra of the form 'k*D{X x T") = C(A,L'(X x T")) 
as C*-algebra bundles over A x X x T", where D{X x T") a continuous trace algebra over 
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X X T*^. Since A is a contractible compact space, the evaluation at an element z of A 
induces an TZKK[X; •, •) -equivalence. □ 

4. The i^T-xHEORY group bundle of a NCP torus bundles. 
Suppose that X is a locally compact space. By an (abelian) group bundle 

g := {G,. : X e X} 

we understand a family of groups Gx, x G X , together with group isomorphisms Cj : Gx ^ Gy 
for each continuous path 7 : [0, 1] — > X which starts at x and ends at y, such that the following 
additional requirements are satisfied: 

(i) If 7 and 7' are homotopic paths from x to y, then c-y = cy. 

(ii) If 71 : [0, 1] — > X and 72 : [0, 1] — > X are paths from y to z and from x to y, 
respectively, then 

''71 °72 ''71 ° ''72 ' 

where 71 o 72 : [0, 1] — > X is the usual composition of paths. 

It follows from the above requirements, that if X is path connected, then all groups Gx are 
isomorphic and that we get a canonical action of the fundamental group vri(X) on each fibre 
Gx- 

A morphism between two group bundles Q = {Gx '■ x S X} and Q' = {G'x : x G X} is a 
family of group homomorphisms (px ■ Gx — > G'x which commutes with the maps . The trivial 
group bundle is the bundle with every Gx equal to a fixed group G and all maps being the 
identity. We then write X x G for this bundle. If X is path connected, then a given group 
bundle Q on X can be trivialized if and only if the action of vri(X) on the fibres Gx are trivial. 
In that case every path 7 from a base point x to a base point y induces the same morphism 
Cx,y '■ Gx ^ Gy and the family of maps {cxq^x '■ x G X} is a group bundle isomorphism 
between the trivial group bundle X x Gxg and the given bundle Q = {Gx ■ x € X} if we fix 
a base point xq. 

Suppose now that A{X) is an NCP T"-bundle over X. Recall from Proposition 3.1 that 
for any compact contractible space A and any map / : A — > X the evaluation map et : 
f*A{A) — > ^/(t) is a KK-equivalence. This implies in particular, that A{X) is KK-fibration 
in the sense of the following definition: 

Definition 4.1. A C*-algebra bundle A{X) is called a KK-fibration (resp. K-fibration) if for 
every compact contractible space A and any v € A the evaluation map ev^j : f*A{A) ^/(i;) 
is a KK-equivalence (resp. induces an isomorphism of K^{f* A{A)) = K^{Aj(^i,-^)). 

Proposition 4.2. Suppose that A{X) is a K-fibration. For any path 7 : [0, 1] ^ X with 
starting point x and endpoint y let : K^:{Ax) K^,{Ay) denote the composition 

-1 

(4-1) K^x) K4j*A) -—-^ K,{Ay) 

Then JC^,{A) := {K^,{Ax) ■ x E X} together with the above defined maps c-y is a group bundle 
over X. 
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Proof. It is clear that constant paths induce the identity maps and that c where 
7 • 7' denotes composition of paths. Moreover, if T : [0, 1] x [0, 1] — > X is a homotopy between 
the paths 70 and 71 with equal starting and endpoints, then c-yg and c-yj both coincide with the 
composition £(1,1),* o e^^Q^ ^, where £(0,0) ^^'^ ^(1,1) denote evaluation of T*A at the respective 
corners of [0,1] 2. Hence we see that Cy only depends on the homotopy class of 7. □ 

Definition 4.3. Suppose that A{X) is a /C-fibration (e.g., if A{X) is a NCP T"-bundle). 
Then }C^{A) := {K^{A^) : x G X} together with the maps : K^(^Ay^ — > K^,(^Ax) is called 
the K -theory group bundle associated to A{X). 

Remark 4.4. U A{X) andB{X) are two Jf-fibrations, then a class j G nKK{X, A{X), B{X)) 
determines a morphism : }C^{A) — > IC^{B) given fibrewise by taking right Kasparov prod- 
ucts with the evaluations G KK(Ax, B^). Of course, these maps are isomorphisms of 
group bundles if and only induces an isomorphism K^(Ax) — K^[Bx) for all x G X. 
This is certainly true if all i{x) are invertible in 'KK{Ax, Bx). 

In what follows next, we want to show that the ii'-theory group bundle of a NCP T^-bundle 
A{X) does not change if we twist this bundle with any principal T"-bundle Y X, i.e., we 
have 1C^{A{X)) = K.^{Y * A{X)) for all such Y (see §2 for the notation). 

Recall that Y * A[X) is the fixed-point algebra of q* A = Cq(Y) ®q A with respect to the 
diagonal T"-actions (taking the inverse action on the first factor). Evaluating at the fibres, 
we see that an element b G q*A{X) is in 1" * A[X) if and only if b{zy) = ■ b{y), where on 
the right-hand side we consider the action of z~^ € T" on the fibre q*Ay = ^g(y). The fibre 
of q*A{X) over x G X is then given by C{Yx,Ax) with Yx = q~^{{x}) = T", and hence the 
fibre {Y * A)x of y * ^(^) at 2; € X is canonically isomorphic to the fixed point algebra of 
C{Yx,Ax) = C(T",^^) under the action 

{z • ip){y) = Z-' ■ ^{zy) for all z G T'^, ^ e C{Yx, Ax), 

from which we easily see that evaluation at any point y £ Yx induces a T"-equivariant 
isomorphism 

(y * A)x = Ax for all x£X. 
More generally, if x is given, we can choose an open neighbourhood U of x which trivializes 
the principal T"-bundle Y. Let 1^ : {/ x T" — > q~^{U) be a trivializing map. Then Y * A(U) 
is the fixed point algebra of 

q*A{q~\U)) = Coiq^HU)) (^Co(U) A{U) 

^ C(T",A([/)). 
Composing this chain of isomorphisms with 

C{T\A{U))^A{Uy,f^f{l), 

we obtain an isomorphism 

: y * A{U) A{U) 

between the fixed point algebra Y * A{U) of q* A{q~^ (U)) and A{U). Looking carefully at 
the constructions, one finds that ^'^ sends a section b £ Y * A{U), which is given by a T"- 
invariant section in q*A{q~^{U)), to the section of A{U) given by x i-^- h{(j}{l,x)). At the 
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point X £ U this induces the isomorphism Y * Ax = Ax considered above given by evaluation 

at y = 4){x, 1) e Yx. 

Lemma 4.5. Let X and Z he locally compact spaces, let A{X) he a C*-algebra bundle over 
X equipped with a fiher-wise action o/T" and letY-^X he a principal T'^-bundle. For any 
continuous map h : Z ^ X, we denote hy h*Y Z the principal T'^ -bundle pulled back from 
Y X hy h. Then h*(Y * A) and h*Y * h*A are canonically isomorphic C*-algebra bundles 
over Z and the following diagram commutes 

K4h*{Y*A),) K4{h*Y *h*A),) 

^h(z) A, 

where 

• the top isomorphism is induced hy the bundle-isomorphism h*{Y * A) h*Y * h* A 
at the fibre over z, 

• the left vertical arrow is given hy the isomorphism h*{Y * A)z = {Y * j4)/j(2) = ^4/^(2); 

• the right vertical arrow is given hy the isomorphism {h*Y * h*A)z = {h*A)z = 

with (y * — and {h*Y * h*A)z = {h*A)z as in the above discussion. 

Proof. The algebra h*Y * h* A is the fixed point algebra of 

(Co(Z) 0co(x) Co(y)) {Co{Z) ®Co{x) A) 

under the diagonal action of T" which is given by the T"-action on Y for the first factor and 
the inverse of the given T'^-action on A for the second. On the other hand, h*{Y * A) = 
Cq{Z) 'SiCo(x) 0^ * A) can be identified with the fixed point algebra of 

Co{Z) 0coix) {CoiY) 0co{x) A), 

with acting on Y and A precisely as above. Thus, to see that the fixed point algebras are 
isomorphic, it suffices to find an isomorphism 

{Co{Z) 0co(x) Co{Y)) ®Co{z) (Co(^) ®c,{x) A) - C^{Z) ®c,{x) {Co{Y) ®c,[x) A), 

which respects this T"-action. But it is straight-forward to check that such isomorphism is 
given on elementary tensors by 

{gi ®x f) ®z {92 ®x a) ^ 9192 ®x if <8)x a) 

whenever 91,92 € CQ{Z),f £ Co{Y) and a € A. Let us denote this isomorphism by ^ and 
we denote the induced isomorphism on the fixed-point algebras by 

: h*Y*h*A^h*{Y*A). 

This map is certainly Co(.Z')-linear, and since on both algebras h*Y * h* A and h*{Y * A) the 
T'^-action is induced by the given action on the factor C^iY), it is also T"-equivariant. This 
proves the first statement of the lemma. 
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In order to prove commutativity of the iT-theory diagram, we first note that for a given 
z ^ Z the fibres of {h*Y * h*A)z and h*{Y * A)^ are the fixed point algebras of the fibres over 
z of the algebras 

{Cq{Z) ^Co{X) C'o(^)) <^Co(z) {Co{Z) 0Co{X) a) and Co{Z) ^Coix) {CoiY) A), 

respectively. In both cases, this fibre is given by Co{Y^z), Afi^^^^), with = 
q'^{{h{z)}) C y, where for the first algebra the quotient map sends an elementary 
tensor {gi (^x f) ®z {92 ®x o) to gi{z)g2{z){f\Yf^^^^ ® a{h{z))) and for the second algebra 
an elementary tensor g (^x if 'S'x o) is mapped to 9iz){f\Y^^^ (8) a{h{z))). It follows from 
this description that the isomorphism ^ constructed above intertwines these evaluations at 
z, and hence the isomorphism : h*Y * h* A h*(Y * A) induces the identity on the 
fixed point algebra of Cq (1/1(2), A^j-^-j) under these evaluations. The homomorphisms in the 
vertical arrows of the diagram in the lemma now only depend on the choice of two possible 
elements yi,y2 G ^/i(z) on which we evaluate an invariant function / G C(Y'/i(2), A/j(2)). Since 
acts transitively on Y^^^ we find ?x € such that yi = u ■ y2- We then have 

Am.)(/) = fivi) = f{u ■ 2/2) = u-^ ■ (/(ys)) = u~\KU)). 

this shows that on the level of algebras, the diagram in the Lemma commutes up to an 
automorphism of the fibre A}^(^^-^ given by the action of a fixed element u € T". Since T" is 
connected, this automorphism is homotopic to the identity, and therefore induces the identity 
map on i^* (^,1(2)). □ 

Remark 4.6. Note that we saw in the discussion preceding the above lemma, that the 
isomorphism : {Y * A)^ — Ax depends on a choice of an element y S 1^. However, the last 
argument in the above proof shows that the JT-theory map A^,* : K^{{Y * A)x) — K^,{Ax) is 
independent from this choice. 

We are now ready to show that the K-theory group bundle of a NCP T^-bundle A{X) is 
invariant under the action of a principal T"-bundle Y X: 



Lemma 4.7. Let A{X) be an NCP T^'-bundle and let Y S X be any principal T"'-bundle 
over X . Then for any path ^ : [0, 1] ^ X there is a C[0, l]-isomorphism A : fi*{Y * A{X)) — > 
fi*A{X) such that for any t G [0, 1], the following diagram commutes: 

K,{fi*{Y*A)) JC((y*^W)) 

K4fi*A) MA^^t)), 

where ej is the evaluation at t. As a consequence, the K-theory group bundles of A{X) and 
ofY* A{X) coincide. 

Proof. According to Lemma 4.5, the algebras iJ,*(Y *A) and fi*Y*fi*A are C[0, l]-isomorphic. 
Since [0, 1] is contractible, the principal T"-bundle fi*Y is trivializable. In view of the dis- 
cussion at the beginning of the subsection, the choice of a trivialization induces a C[0, 1]- 
isomorphism A : fi*{Y *A) — > n*A and for t in [0, 1], we have Aj^^, = A^(j). The commutativity 
of the diagram is now just the compatibity between A and the evaluation maps. □ 
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5. The action of 7Ti{X) in the two-dimensional case 

In this section we want to study the ii'-theory group bundle for NCP T^-bundles. In this 
case the representation group H2 is the discrete Heisenberg group, and we have to study the 
group algebra C*{H2) as a NCP T^-bundle over T. 

Recall that C*[H2) is the C*-algebra generated by the unitaries U^V and W and the 
relations 

UW = WU, VW = WV and UV = WVU. 

The C(T)-structure is then provided by the central unitary W and the fiber at 2: = e^'^*^ G T, 
for ^ G R, is the noncommutative torus Aq generated by the unitaries Uq and Vq and the 
relation UqVq = e'^'^^^VgVg. The i^-theory groups for noncommutative tori are 

Ko{Ae) = Ki{Ae) = Z^. 

In order to describe the action of vri(T) = Z on the iC-theory group bundle of C*{H2), we 
shall first recall the standard generators for K^{Ag): 

• The standard generators for Ki{A0) are the classes of the unitaries Ug and Vg. 

• If G (0,1), then the standard generators for KQ{Ag) are the class of the trivial 
projector 1 G Ag and the class of the Rieffel projector pg. 

The standard two generators for Ko{C{T'^)) are 

• the class of the trivial projector 1 G C(T^); 

• the Bott element /3, i.e the unique element in Kq{C(T'^)) with Chern character equal 
to the class in i?^(T^, M) of the volume form of the 2-torus. 

It follows from Proposition 4.2 together with the discussions preceding it, that we obtain 
a natural action of 7ri(T) = Z on K^:{Az) for all z G T and we are now going to compute this 
action. For z = I, the action of the loop generating 7ri(T) 

iy:[0,l] ^T; 9 ^ e^'^^ 

on K^:{C{T'^)) arising from the i^-fibration is given by ei^* o e^ ]^ where 

ej : u*{C*{H2)) — > Aj ^ C{T^) 

is the evaluation at j for j = 0, 1. Since the generators U and V of C*{H2) provide global 
sections of unitaries of the C*-algebra bundle C*{H2){T) and since U{1) and V{1) are the 
standard generators of Ki{C{T'^)), we see that the action of the loop v on Ki(C(T^)) is 
trivial. The unit 1 G C*(i?2) also provides a global section which evaluates at 1 G C(T^), 
from which we deduce that [1] G Kq(C{T'^)) is also left invariant by the action of the loop 
I'. Let us now compute the image under ei^* o e^l of the generator /3. For this we define the 
morphism 

: C[0, 1] ^ iy*iC*iH2)) = C[0, 1] ®, C*{H2); / ^ / ®. 1 

and we set 

U' = 1®^U and V = 1®^V 
in u*{C*{H2)). Let us define a i/*(C*(i?2))-valued inner product on Cc([0, 1] x R) by 

(m,n)GZ2 
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where for any pair of integers {n,m), {(,,r])m,n is the continuous function on C[0, 1] defined 

by 

/ + 00 
^{e,x + me + m)iy{e,x)e-^'''''''dx Be [0,1]- 

Evaluation of (^,^) at each fiber 6 G [0,1] is positive in Aq (see [29]) and thus {£,,£,) is a 
positive element of v*[C*{H2)). Let us denote by 8 the completion of Cc([0, 1] x M) with 
respect to the above inner product. There is a right action of C[0, 1] on 8 which is given 
on Cc([0, 1] X R) by pointwise multiplication and a right action of C*{H2) on 8 given in the 
following way: 

• W acts by pointwise multiplication by v; 

• C • U{9, x) = ^{9, X + + 1) for every ^ 6 ^^([0, 1] x M); 

• C • Vi9,x) = e2™^(e,2;) for every ^ G C7,([0, 1] x M). 

The action of C[0, 1] and of C*{H2) on 8 commute and thus induce an action of C[0, 1] ^ 
C*{H2). It is straightforward to check that this action factorizes through an action of 
u*{C*{H2)) = C[0,l] ®y C*{H2) on 8. We define in this way a u* {C* {H2))-mgU Hilbert 
module structure. The algebra K,{8) of compact operators on £" is a C[0, l]-algebra and 
according to [29] the fiber of ]C{8) at any 9 € [0, 1] is unital. 

The following well know lemma (e.g., see [31, Proposition C.24]) applies to the C[0, 1]- 
algebra K,{8) + Cld^ to prove that K,{8) is a unital C*-algebra. 

Lemma 5.1. Let A{X) he a C*-algehra bundle over the compact space X and let B{X) C 
A{X) he any closed Cq{X) -invariant *-suhalgehra of A{X) with Ax = Bx for every x ^ X. 
Then A{X) = B{X). 

As a consequence the pair (8,0) defines a class in KK{C, u* {C* {H2))) = Kq{u* {C* {H2))) 
which we shall denote by [8]. In order to express 

eo,*([f]) e Ko{C{T^)) and ei,,([f]) e K^{C{T'')) 

in the basis of standard generators, we need to compute for both of these elements 

• their rank; 

• the image of the Chern character under the fundamental class in homology of . 
Both computations have been carried out in [3, p. 232]^ from where we deduce 

eo,*([^]) = [!]+/? and ei,.([^]) = 2[1] + (3. 

Eventually, the action of the loop on G Kq{C{T'^)) is given on the basis of standard 

generators ([l],/3) by the matrix For any irrational 9 G (0,1), Rieffel computes in 

[29, Theorem 1.4] that T{ee^^([8]) =9 + 1, and hence we get from the injectivity of the trace 
on ^0(^51) that 

-'^ Actually in [3] the second computation was carried out in cyclic cohomology. The image of the Chern 
character was under the higher trace (i.e a pairing with a cycle) corresponding to the fundamental class of 

under the Hochschild-Kostant-Rosenberg isomorphism between de Rham homology of and the cyclic 
cohomology of C°°(T^). 
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where pe G Ag denotes the Rieffel-projection. Thus, the action of the (oriented) generator 

of 7ri(T) = Z on Kq{Aq) is given on the basis of generators ([1], [pg]) by the matrix 

In what follows, we will denote by the endomorphism of Kq{C*{H2)z) corresponding to 
the action of the oriented generator of 7ri(T). 

Assume now that / : X — > T is any continuous map from the path connected locally 
compact space X to T and let xq £ X he any chosen base-point of X. Next we want 
to compute the K-theory group bundle of the pull-back f*C*{H2){X), which amounts in 
computing the action of vri(X) on the fibre -ftr*(^/(xo))- Note that / induces a map 

7ri(X)^Z,7^(/,7), 

where for any continuous map h : T ^ X representing 7, the integer (/, 7) is the winding 
number of / o /i : T — > T. 

Proposition 5.2. Let X be a path connected locally compact space and let f : X T be a 

continuous map. Then for any fixed xq in X, the action of ^ £ on K^,{C* {H2) j^xo)) 

arising from the NCP T"^ -bundle f*{C*{H2)) is trivial on Ki{C* {H2) fi^xa)) ('■'nd it is given by 

onK,[C*{H2)f^x,)). 

Proof. Let us represent 7 G by a continuous map g : [0,1] — > X such that (7(0) = 

g{l) = xq. Then the action of 7 on K^,{C* {H2) fi^xo)) is given by eo,* o e^^ where 

e,:g*{f*{C*{H2))^C*{H2)f^x,) 

is the evaluation at j = 0, 1 of the C[0, l]-algebra 

g*{f*{C*{H2))^{fogy{C*{H2)). 

The map fog., viewed as a map on the circle, has winding number n = (/, 7). Hence it 
follows from the above computations for the single loop of T that the action of the loop fog 
on K,(C*(//2)/(,(o))) = K*(C*(if2)/(.„)) is M«^.^). □ 

6. The action of 7ri(X) in the general case 

In this section we want to extend the results of the previous section to NCP T"-bundles 
for arbitrary n € N. We do this by exploiting the results for T^-bundles obtained above. 

n(n — 1) 

The key for this is the study of the "universal" NCP T'^-bundles C*{Hn) over Z„ ^ , 
where 

1 ^ -^n ^ Hn ^ — > 1 

is the representation group of as described in §2. To be more precise, as we shall see 
below, the restriction of C*{Hn) to certain "basic circles" gives a direct link between the 
case and the T^-case. 

Consider the circles Tij which are given by the characters of the i,j-th coordinate of 

n{n — 1) 

Z 2 for i < j. These are represented by those matrices which are everywhere zero 

ri(Ti — 1) n(n — 1) 

except in the entry We call Tij,i < j, a basic circle in T 2 . (If we identify Z 2 
with the integer valued strictly upper trianguar matrices). In what follows below we shall 
need a careful description of the restriction C*(i?n) It^^ of the universal NCP T"-bundle 
C*{Hn) to the basic circles Tij. In order to do this, we should first state some basic facts: 
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first of all, if A{X) is any C*-algebra bundle with fibres Ax, then the space A{X) of unitary 
equivalence classes of irreducible representations oi A{X) is the disjoint union Ux^xAx, where 
the representations of Ax are regarded as representations of A{X) via composition with the 
quotient map : A{X) Ax (e.g., see [5, Theorem 10.4.3]). If we regard C*{Hn) as a 
bundle over Zn with bundle structure given via convolution with Co{Zn) = C*{Zn), then we 
can identify 

(f{Hn)^ = {tt G (f{Hn) : 7r|z„ = X ■ 14> 
where we recall that by Schur's lemma every irreducible representation of Hn restricts on Zn 
to a multiple of a character x £ = Z{Hn)- Using these facts, we get 

Lemma 6.1. The restriction C*{Hn)\'fij of C*{Hn) to the basic circle is canonically 
isomorphic to C*{H2) ® C(T"~^), as a non- commutative T^-bundle over T = Tij, where the 
-action on C*{H2) (8) C(T"~^) is given via the action of the ith and jth coordinates as the 
1st and 2nd coordinates of the non- commutative T'^-bundle C*{H2) and the other coordinates 
acting (by their nummerical order) on the coordinates of the factor C(T"~^). 

Proof. We actually prove that C*(-?/„)|t,j is isomorphic to the C*-group algebra of the group 
Hn/Zij, where Zij := {M ^ Zn '■ Mij = 0}. Indeed, we have a canonical quotient map 
q : C*{Hn) — > C*{Hn/ Zij) and the kernel of this quotient map is the intersection of all C*- 
kernels of the irreducible representations of Hn/Zij, viewed as representations of Hn- But an 
arbitrary irreducible representation of Hn restricts to the trivial representation of Zij if and 
only if it restricts to a character in the basic circle Tij as described above. Thus it follows 
from the above mentioned basic facts that C*(-ff„)|'ir.^. is isomorphic to C*{Hn/Zij), and this 
isomorphism is clearly a non-commutative T"-bundle isomorphism if we equip C* (Hn/Zij) 
with the T"-bundle structure coming from the central extension 

1 ^ (Z = Zn/Zij) Hn/Zij — > ^ 1. 

The result then follows from the fact that the above extension is isomorphic to the extension 

1 ^ Z ^ i?2 X Z"~2 ^ ^ 1 

if we permute the ith and jth coordinate of Z" in the first extension to the first and second 
coordinate of H2 in the second extension. □ 

(ri(ri— 1)\ n{n — l) 

T 2 J = Z 2 on K^:{C{T^)) arising 

from the iT-fibration C*{Hn) (note that C(T") is the fiber at (1, . . . , 1) G T^^^ of C*{Hn)). 
For this purpose, we will need an explicit description of -K'o(C(T")). We define for i = 1, . . . , n 
the continuous functions 

«j : T" ^ C; (zi, . . . , z„) 1-^ Zj. 
Let (ei, . . . , e„) be the canonical basis of Z" and let A*(Z"') be the exterior algebra of Z". 

Lemma 6.2. There is an isomorphism of unital algebra A,,(Z") — > i('^,(C(T")) uniquelly 
defined on generators of Z" by Ci 1— > [ui] . 

Proof. Since the product 

ifi(C7(T")) X Ki{C{T'')) ^ i^o(C(T")) 
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is skew-symetric and by the universal property of the exterior algebra, the morphism of 
abelian groups 

^ Ki(C(T")); e, ^ [n,] 
extends in a unique way to a morphism of unital Z2-graded algebras 

A,(Z") ^ JC(C(T")). 

This is clearly an isomorphism for n = 1. Since we have isomorphisms of Z2-graded algebras 

A,(Z") ^ A,(Z"-1)0A,(Z2) 

and 

K*(C(T")) ^ /^,(C(T"-i) K,{C{T)), 
the result follows for all other positive integers n by induction. □ 

n { n — 1 ) 

In what follows below we write Zk^i for the k, l-th component of for all 1 < k < I < n. 

/ n(n — 1) \ n{n — l) 

Then vri I T 2 1 = Z 2 has generators {jij := [z/jj] : 1 < i < i < n) with 
... . . . . _ r e^-^ if (A;,/) = 

UiJ.[U,l\^l 2 _ I ^ ^^^^ 

Let Mi J denote the automorphism of the fibre A=k(Z") = J^*(C(T"')) on the iiT-theory bundle 

n ( Ti — 1 ) 

/C*(C*(-ff„)) at (1, . . . , 1) € T 2 given by the action of the generator 'jij = [I'ij] G 

n(n — 1 1 

7ri(T 2 ). It is given by ei^* o where 

ei : 7M-(C*(^n)) ^ C*(if„)(i,„„i) - C(T") 

is the evaluation at / = 0, 1 of the C[0, l]-algebra v* ^{C* {Hn))- Since we have the obvious 
idenfication 

z.*,.(C7*(F„))-^*,.(C*(/7„)|t,,), 
where on the right hand side we identify Vi j with the standard positively oriented para- 
matrization of the basic circle Tj.j, we obtain from Lemma 6.1 a canonical isomorphism of 
C[0, l]-algebras 

vl^{C*{Hn)) ^ iy*{C*{H2)) C(T"-2)) 

with 

The automorphism Mij is therefore induced by the action of the positive generator of iti{T) = 
Z on C*{H2), and it is then straightforward to check: 

Proposition 6.3. For any ordered subset J = {ii < ■ ■ ■ < ik} of {1, ... , n}, we set 

ej = Cj, A ••• Aej, G A*(Z"), 

and for i,j G J such that i < j we denote by mj^ij the number of places between i and j in 
J. Then 

/ej+(-ir^.-ejJ\{i,j}, if{i,j}cJ] 
■ ej = < 

[ ej else 

( n(n-l) \ 
T 2 J is commutative, the matrices Mij commute with each other! 
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Corollary 6.4. The representation 

M : TTi (t"^) GL(K,(C(T"))) ^ GL(A,(Z")) 

, n(7i — 1) , 

arising from the NCP T'^-bundle C*(i?„)(T^— ) is injective. 

/ n(n — 1)\ 71 (77 — 1) 

Proof. Let (nij)i<j<j<„ be an element of vri IT 2 "J = ^ 2 . Then the action of 
("'jj)i<i<j<n on /C(C(T")) is given by 

l<j<j<n 

We have 

for any (/c, Z) with 1 < k < I < n. Therefore, M((nij)i<j<j<„) is the identity map if and 
only if Uij = for every 1 < i < j < n. □ 

n(n — 1) 

Let us now denote for z G T 2 by Mij^z the action of the oriented generator of 

/ ri(n — 1)\ n(n — l) 

TTi I T 2 J = ^ 2 on K^[{C*{Hn)z)) corresponding to 1 < i < j < ?i and by 

/ n{n-l) \ 

the action of tti f T 2 j on K^{C*{Hn)z)- Since and M are conjugate, we see that 

7T,(71— 1) 

is also injective for any z G T 2 . 

n{n—l) 

We now describe for a continuous map / : X — > T 2 ^ with X a path connected locally 
compact space, the action 

Ml : vri(X) ^ GL(/C(C*(/7„)^(,.))) 

arising for any x G X from the /C-fibration f*(C*{Hn))- We proceed as we did in the proof 
of Proposition 5.2. For 7 G 7ri(X) represented by a continuous map g : T ^ X, the loop 

n(n-l) / Ifi ■ ■y)\ 

f o g : T ^ T 2 is homotopic to ( i^ij'^' ) > where 



l<i<j<n 



n(7i — 1) 

/(x) = {fi,j{x))l<i<j<n G 

for any x G X (and the parametrisation of the basic circle Tjj is viewed as a function 

7T, ( 71 — 1 ) 

fjj : T — > T 2 ). Thus we obtain 

(6-1) ^(7)= n <J/Sr 

l<i<j<n 

Since for any continuous functions hj : X ^ T, j = 1,2 and any 7 G 7ri(X), we have 

(/ii/i2,7) = (/ii,7) + (^2,7), 

we get 
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n(n — l) 



be continuous functions such that fi{x) 
joint X £ X . Then, fc 

Mt-f\^)=Mt{^)oMt{^) 



f2{x) 



Lemma 6.5. Let /i,/2 : X 

n^n—l) 

(1, . . . , 1) € T 2 for some fixed base point x € X. Then, for any 7 S Tri{X), we have 



in GL(K,(C7(T"))). 



We close this section by an explicit description of the action of vri(X) in the case n 
the fibre at x is C{T^): 



3 if 



Lemma 6.6. Let A{X) be an NCP T^-bundle over the path connected space X with clas- 
sification data ([(/ : y — > X], f) such that f{x) = 1 for some fixed x ^ X. Choose 
{l,ei A 62,62 A 63,61 A 63} as a basis for the even part and {61,62,63,61 A 62 A 63} as a 
basis for the odd part of K^(C{T^)) = A*(Z^). Then the action of j G 7ri(X) on the even 
and odd parts of K^{C{T)) = A*(Z^) is given with respect to those bases by the matrices 



/I (/i2,7) if 23,1) (/l3,7)\ 

1 

1 

VO 1 / 



and 



A 








if 23, 


7) \ 





1 





-if 13 


,7) 








1 


(/l2, 


7) 


\o 








1 


/ 



respectively. 

Proof. This follows from a straightforward computation using Proposition 6.3. 

7. T^KK-EQUIVALENCE OF NCP TORUS BUNDLES AND THE K-THEORY BUNDLE 



□ 



In this section we want to study T^KK-equivalence of NCP T"-bundles A(X) and B{X) 
in terms of the K-theory bundles /C*(j4(X)) and /C*(i?(X)). Of course, one cannot expect a 
complete result because for this one would expect to need a much finer invariant. However, 
as it turns out below, some partial answers can be given. In particular, we can see from the 
K-theory bundle whether A{X) is T^KK-equivalent to a commutative principal bundle over 
X. We start with 

n{n — 1) 

Proposition 7.1. Let X be a path connected locally compact space, and let f : X ^ T 2 

be a continuous map. Then, for all x £ X , the action 

Mi : mix) ^ GL(K,(C*(if„);(,))) 

arising from the NCP T"" -bundle f*{C*{Hn)) is trivial if and only if f is homotopic to a 
constant map. 

Proof. We denote by [X, T] the set of homotopy classes of continuous functions from X to 
T. The pointwise product of functions provides an abelian group structure on [X, T]. If 
/i : X ^ T is a continuous functions, we denote by [h] its homotopy class. Recall that if [T] 
is the oriented generator of i/^(T,Z) = Z, then the map 



induces a group isomorphism 



[h]^h*m) 

[X,T] ^ i7^(T,Z) 
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(because T is a K{Z, l)-space). If 7 is an element of ■ki{X), then we denote by [7] its class in 

^ 7ri(X)/[7ri(X),7ri(X)]. 
Under these notations, the number {h, 7) is given by the pairing ([/i], [7]) between a homology 

ri(7i — 1) 

and a cohomology class. If / : X — > T 2 is homotopic to the constant c = f{x), then 
{[fi,j], [7]) =0 for any I < i < j < n and thus Mi{'j) is the identity map on K^:{C*{H'^) f(^^-^). 
Conversally, if m/ is the trivial morphism, this means that {[fi.j], [7]) =0 for any 7 € vri(X) 
and thus = for any uj G Hi{X,'L). Since 

H^{X,Z) Hi{X,Z)*; a ^ (a,.) 

is an isomorphism, the map fij is homotopic to a constant map for any 1 < i < j < n and 
therefore so is /. □ 

The following theorem is now a direct consequence of the above proposition together with 
Remark 4.4 and Lemma 4.7 : 

Theorem 7.2. Let A{X) be an NCP -bundles over the path connected space X and let 

n{n — l) 

/ : X — > T 2 be the continuous map associated to A{X) as in Theorem 2.3. Then the 
following are equivalent: 

(i) / is homotopic to a constant map. 

(ii) The K-theory bundle /C*(j4(X)) is trivial. 

(iii) A(X) is TZKK(X ;■,■)- equivalent to Cq(Y) for a (commutative) principal T^''-bundle 
q:Y ^X. 

In what follows next, we want to study whether the above result can be extended in order 
to compare two NCP T^-bundles A{X) and B{X) up to twisting by suitable commutative 
T"-bundles. Recall from Section 2 that if A{X) is a NCP T"-bundle and if ^' G GL„(Z), 
then A^{X) denotes the NCP T"-bundle which we obtain from A{X) by composing the Tr- 
action with Since the underlying C*-algebra bundle is not changed at all, and since our 
study of T^KK-equivalence is after forgetting the T^-action, we see that A{X) andA\j/{X) 
are T^KK-equivalent since they are equal after forgetting the action. 

In terms of the classification of NCP T^-bundles of Section 2, we can therefore deduce 
from Theorem 2.10 that the bundles corresponding to the pairs 

{[q:Y^X],f) and {[q^ : ^ X], o f) 

are always T^KK-equivalent (in fact they are Co(X)-Morita equivalent). More precisely, the 
representatives 

y*(rC*(F„))(X) and Y^ *{{A2^ of )*{C*{HnmX) 
are isomorphic C*-algebra bundles over X. We notice the following fact 

Lemma 7.3. The morphism GL.„(Z") — > GL„(A2(Z")); ^ 1— > is surjective for n = 2 
and has range 5-L(A2(Z^)) for 7i = 3. 

Proof. For n = 2, we have an isomorphism A2(Z^) Z; x A y 1-^ det(2;,y) and under this 
identification A2^ is det^. 
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For n = 3 we have an isomorphism A2(Z^) — > (Z^)*; x Ay ^ [z i—>- det(2;, y, z)] and under 
this identification is det ^ • thus ^ t-^ has range 5L(A2(Z^)). □ 

On the other hand, we know that T^KK-equivalence between A{X) and B{X) induces 
an isomorphism of the K-theory bundles IC^{A{X)) = IC^,{B{X)), which then implies in 
particular that the actions of iti{X) on the fibres K^:{Ax) and K^,{Bx) are conjugated. If we 
can arrange things in a way that = = C(T^) for some fixed x G X, this conjugation is 
given by some matrix T £ GL(A„(Z)). Recall from Proposition 5.2 that in case n = 2 and 
f{x) = 1 € T the action of 7 G vri(X) on Kq{C{T'^)) is given by the matrix In 

case n = 3 we get a similar description for the action on Kq{C{T'^)) by matrices of the form 
1 *f \ 

I , if we choose a basis of K^iCiT'^)) as in Lemma 6.6. Thus the following lemma 
hj 

gives a description of the possible conjugation matrices in these cases: 

Lemma 7.4. Let v and w he vectors in Z" and let T he a matrix of GLn+iil') such that 

Then there is a matrix X of GLn{'^), depending only on T such that v = X ■ w. 

(a 
^ J with a in Z, X and y in Z" and Y in GLn{Z), then equation (7.1) 

leads to the equalities 

(7.2) y'v = 

(7.3) a^v = ^wY. 

From equation (7.2) we get that either y or v vanishes. If y = 0, then T is triangular and 
adety = ±1. In particular the matrix Y is invertible, a = ±1 and from equation (7.3) we 
get that V = a^Yw, so we can take X = a^Y. If = 0, then since T is invertible, w = and 
thus we can choose X = /„. □ 

Theorem 7.5. Let X he a locally compact path connected space and let A{X) and B{X) 

n(ri— 1) 

he NCP T^''-hundles over X. Let f,g : X —>■ T 2 he the continuous maps associated to 
A(X) and B{X), respectively, via the classification of NCP T^-hundles of Theorem 2.3 and 
consider the following statements: 

(i) There exist principal T"'-hundles Y and Z over X such that Y * A{X) and Z * B{X) 
are TZKK- equivalent. 

(ii) The group hundles IC^{A) and /C*(iJ) are isomorphic as 'L/2'L-graded group hundles. 

(iii) / is homotopic to A o g for some A £ GL(A2(Z")). 

Then, if n = 2, all these statements are equivalent. If n = 3, then (i) =^ (ii) =^ (Hi), and 
(Hi) =^ (i) if Ae 5L(A2(Z3)). Ifn>3, then (i) =^ (ii) and (iii) =^ (i) if A = A2* for 
some ^ G GL{n, Z). 

Remark 7.6. In case n = 3 the obstruction for proving (iii) =^ (ii) is given by the problem, 
whether the pullback f*C*{Hs) is T^KK-equivalent to C*{Hs) as C*-algebra bundle over T^, 
where / : — > is the map f{zi, Z2, Z3) = {zi, Z2, 23). We believe that this is true, but we 
are not able to prove it. In dimensions n > 3 the situation is much more mysterious. 
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Proof. Since the assertions (i), (ii) and (iii) are left invariant under passing from A{X) to 
Y * A{X) (and similarly for B{X)), which is clear for (i) and (iii) and follows from Lemma 
4.7 for (ii), we may as weh assume that A{X) = f*{C*{Hn)) and B{X) = g*{C*{Hn)). Then 
(i) implies (ii) is a consequence of Remark 4.4. 

Let us now assume that condition (ii) is satisfied. Let us fix some x G X. Since homotopies 
of NCP torus bundles provide T^KK-equivalences by Corollary 3.3, and thus isomorphisms of 
the associated iiT-theory group bundles by Remark 4.4, we can replace / and g by homotopic 

ri(ri— 1) 

functions. Moreover, T 2 being a connected group, we can in fact assume that f{x) = 
g{x) = 1. Since the group bundles }C^{f*C* {H2))) and IC^{g*C* {H2)) are isomorphic, the 

n(n— 1) 

corresponding actions of 7ri{X) on Kq{C{T 2 )) = Ae^(Z"') are conjugate by a matrix 
T G GL(Ae„(Z")) (note that the action of tti{X) on K^(C(T")) ^ A^(Z") preserves the 
grading). If n = 2, it follows then from Proposition 5.2 that for any 7 in Tri{X), we have 

which implies by Lemma 7.4 that (/, 7) = £(5,7) for every 7 in 7ri(X), with e = ±1. Since 
(/ • (7~^,7) = (7,7) — e{g,^), this implies arguing as in the proof of Proposition 7.1 that / 
and g^ are homotopic and hence (iii). 

In case n = 3 we can argue similarly: using Lemma 6.6 together with Lemma 7.4, we see, 
as in the case n = 2, that (ii) implies the existence of some A G GL{I?) (= G-L(A2(Z^))) 
such that 

(92,7) =^ (/2,7) = ((^o/)2,7) 

.(53,7)/ V(/3,7)/ \((Ao/)3,7)^ 

Hence, combining Lemma 6.5 with the proof of Proposition 7.1 this implies that g is homo- 
topic to Ao f for some A in GL(A2(Z^)). 

Let us finally assume (iii). As mentioned before we may assume that A{X) = f*{C*{Hn)) 
and B{X) = g*{C*{Hn)). lig = Ao f with A = Aa^' for some ^ G GLnil^), then it follows 
from Theorem 2.10 that g*{C*{Hn)) = (Aa^' o /)*(C*(iJ„,)) is isomorphic to f*{C*{Hn)) as a 
C*-algebra bundles over X. In particular, it follows that f*{C*{Hn)) is T^KK-equivalent to 
g*{C*{Hn)). In case n = 2, the range ^ ^ is all of GL{K2{I?)) = GLi{Z). In case 
n = 3, the range is S'-L(A2(Z)) (see Lemma 7.3). This finishes the proof. □ 

8. Applications to T-duality with H-flux 

In this section we want to discuss an application of our results to the study of T-duals 
with H-flux, as studied by Mathai and Rosenberg in [23, 24]. We shall restrict ourselves to 
the mathematical point of view and refer to the above cited papers (and the references given 
there) for physical interpretations of the theory. 

Following the approach of [23, 24] we start with a fixed principal T"-bundle q : Y ^ X 
together with a Dixmier-Douady class 6 G {X, Z) (which is called an H-flux in [23] ) . It 
is then shown in [24] that a (commutative or non-commutative) T-dual only exists if the 
restriction of 6 to the fibres Y^ = T" are trivial. In that case the corresponding stable 
continuous trace algebra GT{Y, 6) carries a canonical structure as a C*-algebra bundle over 
X with fibres G{Yx,IC) = C(T",/C) for all x G X, and there exists at least one action 
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(3 : M" Aut(Cr(y, 6)) which covers the given action on the base Y. A T-dual in the sense 
of Mathai-Rosenberg is then given by the crossed product CT{Y, (5) M."". 

If the action (3 can be chosen in such a way that the crossed product CT(Y, S) x M" is again 
a continuous-trace algebra, then it is shown in [23, 24], using much earlier results from [27], 
that it is isomorphic to an algebra of the form CT(Y, 6) for a T"-principal bundle q :Y ^ X 
and a suitable Dixmier-Douady class 5 G Z), such that the dual action of M" on 

CT(Y, 5) X M" = CT{Y, 6) covers the action on the base as explained before. In this case the 
bundle CT{Y,6) is called a classical T-dual of CT{Y,6). It is shown in [24, Proposition 3.3] 
that classical duals, if they exist, are essentially unique. 

The main result of [24] is then a characterization of those bundles CT(Y, S) which do have 
a classical dual in the above sense (see [24, Theorem 3.1]). As an application of our results 
we shall give a purely i('-theoretical characterization of existence of classical duals. Note first 
that all T-duals are at least locally isomorphic to NCP T"-bundle in our sense. We start with 

Lemma 8.1. Suppose that Y = X xT"^ and S\xx{i} *s trivial. Suppose further that (3 : — > 
Aut(CT(X X T",(5)) is an action which covers the obvious action ofW^ on the base X x T". 
Then there exists an action a : Z" ^ Aut(Co(^, /C)) such that 

CT{X X T", 6) x^ M" ~M Co{X, K.) x« Z" 

where here denotes Morita equivalence of C*-algebra bundles over X. In particular, the 
T-dual CT{X x T",(5) x^ M" is Morita equivalent to an NCP T" -bundle over X. 

Proof. If we restrict (3 to Z", we obtain a fibre-wise action of Z" on CT(X x T",5), which 
then restricts to a fibre-wise action a of Z" on Co{X,IC) = CT[X x {1}, 5|xx{i})- It follows 
then from [6, Theorem] that the systems 

{CT[X X T", (^), M", /3) and ( Indfn Co{X, /C), , Inda) 

are isomorphic, and then Green's imprimitivity theorem gives the desired Morita equivalence, 
which is easily checked to be compatible with the bundle structures over X. □ 

As an easy consequence we get: 

Proposition 8.2. Assume that q :Y ^ X is a principal T^-bundle with H-flux 5 G H^{Y, Z) 
and let (3 : M"" — > Aut(Cr(y, 5)) be an action which covers the given action on Y . Then for 
any y €Y there exists an W^-invariant neighbourhood V of y such that CT(V,6\v) x ]R" is 
Co{U)-Morita equivalent to some NCP T"'-bundle over U. 

Proof. We first choose a trivializing M"-invariant neighbourhood V of y such that V = [/ x T" 
as M"-space. By passing to a smaller neighbourhood of rr = q(y) € C/ if necessary, we may 
assume without loss of generality that 5\u is trivial. Hence the result follows from Lemma 
8.1 above. □ 

Corollary 8.3. Let q -.Y ^ X be a principal T'^-bundle with H-fiux 6 € H^{X, Z) such that 
there exists an action (3 of on CT{Y,5) which covers the given action on Y. Consider 
CT(Y,5) and the T-dual CT(Y, 5) x M" as C*-algebra bundles over X . Then both bundles are 
are locally TZKK-trivial and TZKK{X; ■, ■)-equivalent to each other (up to a dimension shift of 
order n). 
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Proof. This follows from Theorem 3.5, Proposition 8.2 and Corollary 3.4. □ 

Lemma 8.4. Let q :¥ ^ X be a principal T'^-bundle over X and let 6 G H''^{Y,Z) such that 
6 vanishes on the fibres = T'^. Assume further that A is a compact contractible space and 
that F : A ^ X is continuous map. Then 

F*CT{Y,6) ^ C{A X T",/C) 

as C*-algebra bundles over X, such that the corresponding homeomorphism of the base F*Y = 
A X T" is T'^-equivariant. In particular, CT{Y,5) is a K-fibration in the sense of Definition 

4.1. 

Proof. The result follows easily from the fact that F*{CT{Y, 6)) is a continuous trace algebra 
over F *Y = A xT"" (since A is contractible) such that the Dixmier-Douady class vanishes 
on the fibre T". Then a classical result on fibre bundles (e.g. see [16]) implies that that 
the underlying bundle of compact operators over A x corresponding to F*{CT{Y,5)) is 
trivial, and hence F*{CT{Y, 6)) ^ C(A x T", /C). □ 

It follows from this lemma that whenever g : y — s- T is a principal T"-bundle with H-flux 
6 such that the restriction of 5 to the fibres is trivial, we can consider the ET-theory group 
bundle /C*(CT(y, (5)) over X as introduced in Definition 4.3. 

If (3 : M" — > Aut{CT(Y,d)) is an action which covers the given M'^-action on Y, then 
the restriction of /3 to Z"' C M"' acts trivially on Y, and therefore is a fibre-wise action on 
CT(Y,5). Since the fibres are isomorphic to the compact operators on separable Hilbert 
space, we get, as explained in §2, a Mackey-obstruction [ujy] £ i7^(Z",T) which classifies the 
action on the fibre )Cy of CT{Y, 6). The resulting map 



f :Y ^ if2(Z",T) = T 



n(n — l) 
2 



is constant on M^-orbits (see [13, Theorem 2.3]), and hence on the fibres Yx = q ^{x) of the 
principal bundle q -.Y ^ X. Thus / factors through a well defined map 

n ( 71 — 1 ) 

f -.X ^ 

which we call the Mackey-obstruction map for the T-dual CT(Y, 6) Xp M". Of course, if we 
locally realize the T-dual as an NCP T"-bundle as in Proposition 8.2, then / restricts to the 
Mackey-obstruction map of that NCP T"-bundle as it shows up in the classification data of 
those bundles (see §2). We are now ready to formulate the main result of this section, which 
builds on the work of Mathai and Rosenberg in [24]: 

Theorem 8.5. Suppose that q : Y ^ X is a principal T^-bundle with H-flux 6 G H'^(Y,Z,) 
such that 6 vanishes on the fibres 1^ = T". Assume that X is path connected. Then the 
following are equivalent: 

(i) There exists a classical T-dual for CT(Y, 6). 

(ii) The action o/7ri(X) on the fibres K^{Co{Yx,}C)) = K*{T'^') is trivial. 

(iii) The K-theory group bundle K:^{CT{Y, 6)) over X with fibres K^{CoiYx, K)) ^ K*{T'') 
is trivial. 

(iv) For any action (3 : M" — > Aut(Cy(y, (5)) which covers the given action on Y, the 

n(n— 1) 

corresponding Mackey-obstruction map f : X T 2 is homotopic to a constant. 
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Proof. The equivalence of (ii) and (iii) is obvious and the equivalence of (i) and (iv) has been 
shown by Mathai and Rosenberg in [24, Theorems 2.3 and 3.1]. It thus remains to show the 
equivalence of (ii) and (iv). If /3 is an action as in (iv) we have seen in Corollary 8.3 that 
CT{Y,5) is T^KK-equivalent to the T-dual CT{Y,6) and hence they have isomorphic 

K-theory bundles and conjugate actions of vri(X) on the fibres. 

Choose a fixed base-point x and let 1/ : T — > X be a continuous map with z^(l) = x 
representing a given class 7 E tti{X, x). Then i'*Y is isomorphic to the trivial bundle T x T", 
since H'^{T,Z) = {0}. It follows that u*CT{Y,6) is isomorphic to CT{T x T\u*S) as a 
C*-algebra bundle over T. Since H^{T,Z) = {0}, it is clear that v*6\j vanishes, and thus it 
follows from Lemma 8.1 that 

u*{CT{Y,5) X/3M") = Cr(T X T",i/*(5) x^.^R" ~m C(T,/C) x«Z" 

where a is given by the restriction of z^*/? to Z" evaluated at T. In particular, the Mackey- 
obstruction map fu = fovo{u*[3 coincides with the Mackey-obstruction map for a. We 
then get 

u*{CT{Y,6) x^M") ~M C(T,/C) x„Z" ~a/ ftC*{Hn), 

where the last Morita equivalence follows from our classification of NCP torus bundles to- 
gether with the fact that all commutative torus bundles over T are trivial. We may then 
conclude as in §6 that the map M : 7ri{X) GL{K,{C{Y^, IC)) ^ GL{K,{C*{Hn)f(^))) 
is given on 7 precisely by the formula given in equation (6.1) (notice that the identification 
GL{K:^{C{Yx, IC))) = GL{K^{C*{Hn) f(x)))) can be done independently from the given choice 
of 7). In particular, it follows then from Proposition 7.1 that this action is trivial if and only 
if / is homotopic to the identity, which now finishes the proof. □ 

9. Some final comments 

As mentioned in the introduction, the main object of this paper is to present an interest- 
ing class of examples of C*-algebra bundles which are K- or KK-fibrations in the sense of 
Definition 4.1. The structure of being such fibration provides a new topological invariant, 
namely the JT-theory group bundle of the fibration, and the results of this paper show that 
this invariant can be quite useful for the study of the structure of such non-commutative 
fibrations. In particular, the iT-theory group bundle is an obstruction for T^KK-triviality. 

In the forthcoming paper [10], we shall show that there are many more interesting ex- 
amples of K- or KK-fibrations, and we shall proof a complete version of the Leray-Serre 
spectral sequence for all such fibrations, which will be a much stronger obstruction for T^KK- 
equivalence. In fact, we shall see in that paper that in case of NCP T"-bundles the spectral 
sequence combines with the results of this paper give a complete description which NCP 
T"-bundles are 7^KK-trivial (i.e., 7^KK-equivalent to Co{X x T")). 
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